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A C ~)L~~1N G ENE RATI O~ TECHNI QUE FOR THE

CO~~~IrZI~TION OF STATIONA.R.Y POINTS

Jottg-Shi Pang

ABS TRAC. I~ two r ec ent  papers , Eaves  shoved t h u r  Lenk e ’ s a l g o r i t hm

~~~ be used ~~ npu :e  .i stat1 ~ n.sr: ç~~~n t  of ~n 4f ~. : n e f~m c t :~~n over a

poty hedra~. set . This  paper proposes an alterna tive me thod which is

based ~n parane:r~ c pr inc ipal p ivot ing . The proposed method involves

solving sy s :e—s of  l i nea r  equa ti ons and pa r am et r i c  l i nea r  subprograms

ove r the gi :en polyhe dra l set. An obvtous advantage of the method is

tha t  any s p e cI a l  s t~~.icture of the po lyhedra l set can be exp lo i t ed

p r o f i t a b ly  in the solu t ion  of :h~ sub programs .
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I . :: rR~’DLC :I~ N

Given a polyhedral set

n
X — r x E R  : Cx • c ~~

and art a f f i n e  mapp ing

F(x) — b + Ax

from R~
’ int o  R~~, the stati onary p o in t  problem is to find a vec tor uEX

such t h a t  the on~~i t~ on be low Is sa t i s f i e d

(x- uY F(u i 0 for all xEX

Such a vect or u is called a stationar: point.

A.a pointed out by Eaves [ 3 ) .  the s ta t iona ry po in t  problem is central

to the s o lu t L o n  of  certain quadratic proçrams , matrix games and economic

equilibri~.mi. An important special case of the problem is where the

set X is a polyhedral ~~~~ In this case , i t  has been shown (see [61

e.~~. ) that the stationary point problem is equivalent to the

generalized linear c omp lementart tv  problem : find uEX such that

F(u~ EX* and uTF(u)

where X* is the dua l cone of X , i.e.,

• y
T
~~> o  for all x E X )

In the reference , Eaves shoved that L.mke ’s algorithm can be used

to solve the stationa ry point problem . His method of analysis can be

br iefly st~~ arized as follows . Firs t observ e that the stationary point

problem (1 .1 ) ii equivalent to finding vectors u , a and t suc h tha t

_ _ _ _ _ _ _  _ _ _  
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C u - s — c  , b + A u + C Tt _ O

s , t ” O  and s~~t — 0 .

He then ~d~oins an additiona l set of constraints Bx a so tha t the

s’:s tem

Cx c , Bx ... a

has a unique so lu t i on  in the polyhedron X. Next , he app lies complementary

pivotin g to  the augmented system

C~ - s - c b -
~
- Au + C~ t + BTw — 0

3u~~-~~ - e ~~ - a

S •0 , t~~~O ,y > O  , w~~~0a a a a

s:ar:in.~ wit h ~ equa l to zero and increasing ~ to infini t~~. In a finite

nt~ ber of p i v~’ts , the algorithm terminates either on a ray or with a

des tred stationar ; point to the gi’:en problem . Basically , no spec if i c

aas~~ption Is needed to operate the algorithm.

In a related paper ~~~~ Eaves describes another way to s t a r t  Lenk e ’ s

al~~ r~ :hm ~:r :tn g  the same problem.

~ur purpose in the present paper is to propose an alternative

approacn for solving the stationary point problem . The approach is based

on parametric principal pivoting . The ideas involved are briefly sketched

as follow,. By using the representation of X in terms of its extreme

points and rays , it is first shown that the stationary point problem can

be converted into an equivalent Linear coatp lementartty probl em . Under

a certain positiv, semi-definiteness assumption on the matrix A , the

resulting lInear comp lementar i ty  problem has a positive semi -definite

matrix. Consequently , the parametric principal pivoting algorithm [2, 7 1 is

app licable. The application , however , is crucially dependent on the

-.~ — — — - - --.-----—. -—.~-—-~~~~ __~
____ __ 
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knowledge of the  set ot extreme pcints and rays of X. As the task of

generating al l the se point s and ray s is practically impossible , i t is

therefore important to be able to implement the algorithm without the

full knowledge of the generators . By means ot  a col t t generation

technique similar to the one in Linear prograeming, we shall show how

the useful components can be generated when they are needed , thereb y

establishing the app licability of the parametric principal pivoting

algorithm for solving the stationary point problem . We shal l  also discus s

a considerably simplified version of this algorithm app licable to the

case where the matrix A is positive definite .

-.-— . ----- — .- ——--~——~—— ~— --—.----- ——- — .~ —-~- , — - ~-.-~~~-
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AN EQUI VALENT LINEAR C0~~ L~~~ N I&RI rf PROBL~ 1

Sinc e X is polyhedra l , there exists a finite set of vectors

Q i, ... .Q~,) so that if P and Q denote respective ly , the n by m

and n by ~. matrices whose col.m~ts are the P~ and Q,
, then we have

(2.1) — (XER : x • r + Q
~ : , ~ > 0 and e~~’ — 1)

where e is a vector of ones . Each P~ (Q 1
) is an extreme point (ray

respectively~ of X.

It is obvtous that the vector u is a stationary point if and only

I f  it  solves the linear program

minimize x TF ( u ~ s u b j e c t  to x EX

nJer the representation (2.1), the latter program is equivalent to the

one below

minimize ( F ( u ) TPy + (F (u) Q\~ s’:j 1 e~~t to . 0 and e~~

By the ~ualI:’: their; of L in e ar  pr ogra aming snd by recalling that

• 5 + Au , i t  follows that u — r* + Q~* with *, ~* ~~ 0 and

— I a stationary point if and only if (* , ~~*\  and some suitable

and \ solves the linear comp lementaricy problem be low

( ‘
••

)  — pTb + P
TAP_ +PTAQ~ - ‘c ‘ X e  > 0 > 0

_ a Q Tb + Q TAp_ + Q tAQ~

.4. T .1.
, — - 1  + e  > 0  X > 0a

a I - eT~ _ o o

T.. T, ~~~~~~ . - r  -
— — a )~ a 

~ ) \ — 0

___________________
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other words , the sta:ionJry point problem can always be cisc , theoret ically ,

as an or J .nar : Line ar complementariry problem of the form

: 0  and w~ z a O

wh.~re the ve ct or  q and m a tr i x  M are g iven by

( 2 . ..’ q • ~
Tb 11 — P~AP PTAQ -e e

Q ’b Q A P  0 0

: :~ ‘ .
It  should be pointed out tha t the derivation of this equivalent

Linear complementarttv problem Joes not require any asst~ prion on the

set X .in~i the natr~x A.

- -4 
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3. THE ?A ‘~~TRIC PRINCIPAL PIVOTINC Ab ORIT~*t

Throughout thi~ paper , we assume that the matrix A is  p o s i t i v e  semi-

def nite over the linear subsp ace spanned by the set X. (This ass~m~~tion

is much weaker than that of a positIve semi-definite A.) It i.~. not

diff icult to show that t h i s  assumption is equivalent to the fac t that the

matrix

T T
P A Q \ — P A ( P Q~

Q~;~ 
) 

QT

is pos i t i ve  s em i - d e f i n i t e .  Thus , so is the matrix H in (2.4) .  In

part icular , the parametric princ ipal p ivoting algorithm [2, ~‘1 can be used

to solve the linear complementarlty problern (2.2). However , this approach

Is certa nlv ineffectIve if it is necessa ry to ~iow the whole ma t r i c e s  P

and Q. To demonstrate how the algorithm can be imp lemented without the

full know Led~ e of these matrices of generators , we first state a vers ion

of the al~ ort:h~ which operates by updat ing the constant and parametric

co l~.~~~s ‘n i y .

The Pari.—.etrt~ Pr tnc ~~’~ l PIvotIng A L g o r I t h m .

Step 0 (Ini :ia1.~ z a t I o n 1  Let .3 • 0 and let I be the complement of .1.

Ste p 1 (Computing the basic c omponents) Solve the system of linear equations 1~

for  (q
~~. p3

) :

3. 1a ’~ M~~ (~ 3 
, — - (q

~ ,

I If M is a matrix and K and L are index sets , by M.~ we mcan the subnatrix

of M whos. col~~~ts and rows are indexed by K and I. respective ly . A
simi lar notation is used for vectors .

______________________ ___________ ~~~~~~~~~~~~~~~~~~ ~~- , 
~~~~~~~~~~~~
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.C~~’.p~~t in g  th e  nonb~is’..o c3t~p on e n t s~ Compute

~3 ,~~b) , 
‘ a ~q

1
, p

1~ ~- M~~ ( ,  P~~)

‘p 1 \S tep  3 ~R~ t~ o test ’~ ~f the vector p a 
- 

- ) is nonpos~~tiv e . t er ~~in ~.te

with the solution

~3.2) 

Z * a f l ) a (

O~~~

to the l in e a r  on p l e m en t a r i :y  p r o b L e ~ ~2 . 3) .  Othe ~~~ise dete~~ine

(3 .3 )  a n.~x - q .  / p 4 >

and :~: k be a x~ n~~~ing ~n J e x .  Z~ ) . t e rmina t e  w i t h  the s o l u t i o n

.~~ven by ~3 . 2 ) .  - . 0 , c ~~t I n u e .

Steo .. (Check p i v ot  el~~~c n t )  There  are tvo cases

~I) k J. So ve the system of linear equations for

~~~~~ M ,.~ . — e~

where e’ is a .mlt vector with a one in component k .  Compute

(3. — b ’  f
1 

— M.
~~

f j

(it) k ~ .. Solve the system •~f linear equation.s f o r  f .

(3. 3~i) — -



— - .--~ -~ 

~~~~~~~~~~~~~~

8

.i :’.i oo~~p ut e

~3 .5 b’ — ‘t . ~~ 
~~ 1

L Ii ~ ~IJ  J

In . � t t h er  oa~ e , ~~ a .) ~~ to Step ~~~. Cthe r-’:se continue .
K

S:e~ 5 ( 1  x I d i 3~ or~1l p i v o t )  Set

3 a 5 3 ~f k ~~~~J -old  -

k otherw ise.old

~ o to S t c ’

I i \
Ste p ‘ 2 2 b’~~~k p~~v~~~\ I f  the .‘e~~:or  f — 

~ 
) ~s nonne.~at : v e ,

3

th e . onp lenentarit’. ~,r~’bI. em ( .3 )  is  i n f e a si b l e . O t h er w i s e

~~~~~~~~~~~~~ ~~i o t h e r  :n,~ex I by

- 
~~~~~~~~ 

‘ 
~ -: 

a n . n  — + ~p ) / f~ f . ~.

~~~~~ co~rputed t~ (3.3) . Set

— I - 
‘
~ k . .‘

•

~ if K , ~ E .. -.-~.ew o~. i - 0 k G

.3 \ _ ( ••~~~ ‘
~~ if  k E . J  and ~~~~old - . ol~ o~ d

3 .  ‘ ‘ _ ‘k~ if ’EJ an dkE J- old - o ld

3 ‘‘ ~k . ‘ othe rwi;e
~ old - -

to Step I .

:n the desc ripti.~n of the al~~
,rit~~ above , .3 is the index set of the
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bast~. z- ’.-t r ~~1Dles t o : . 2 .3~ ), ~s the nonnegative parameter to be Jriven

*to z e r .~ an~.i p i~ ~1ny vector sati stvin~ the c o n d I t i o n ~ q + p ~ 0 fo r

*sorne ~ > 0.

~ j~~orou s t~ sp ej k . n. , ovo i.~ cou l 3  o e c u r  in the algo ri : h . Of t en

this cjn be preven:e~ by ~ lex icograp hic or least-index rule f l] .

i o r ~ i:~ to a basIc result In pivotal algebra , the “basis matrix”

Is ncnsIn.~ul-~r : h r ou . h o uc  the a l .~or i t h ~~. R e f e r r I n .~ to th e  l inear

c l e n e n t~~r~~~v ?r~~J ’~. e~ (2.2) , :he nons~~~~ i l a r ~~:v of Imp l ies , among

‘th er :hI-.~~~, t h a t  the n’~~ber s o f bas ic - and ~-varIable s are bo~mded

n~~ and n re e c t~ v e v . ~R e c a L i  ~h a :  Is the  or d er  of the matrix A.)

~~~~- ~~~~~~~~~~~ - - --- -~~~~~~~~~~~~~~ 
I_~~
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— . r~iE ~-~~~~s; 
~~ E:~~E.v.:: ~~~N :tc.~:.i ~LE

S C L  :~~on , ~e sh,.~w how the parametr~c prtn ~. tpa l p~ vo :  ~~~~

~ the ‘ ::~~ cct:on ~~~ be ~p (r.~:e~ t~~e n a t r : c .~~ P

tn3 ‘~ ~re Knewn un ’v tm p l~~~1~~:y

As po:nte ~ ~‘ut  a t  the end of the last section , at each t t e r a t t o n ,

the re  ts a reasor.ab ’e l t n t :  of  I n f o ~~~a t I o r .  p e r ta~ ntn~ t~ the basic components.

ca n be s t~~red w I t h o u t  ~ i f f ~~~u i t v . However , ~t I s

t o  ~er:ve -it~ a l : e r~t a t e  way t o  hand e the n o nb a s : .  co~.ponents .

:ne ~e~ orip:ton ~— f th e .il~ or~ th~~, ~s obvtous that these c p onrnt s

are n e c — l e o  -r the - - t e ~~~~o~- I t - . u r .  o t  the ~ndtces k and I. and thu correspono~ n~

co -ms ~i .. - m l  X ., A~ a -~. i t t e r  of ~-~ct , the latter ~n~ :ces and colo.nns

arc th~ ~ e .. 
~~. o s : ; ~~c . -~ ~~~~~~~~~ wtshes t o  ~- 5 t a ~~n -at the end of the  I t ~~r a :~~. n .

t : .- c an  be - t e ~~~~~~~eO w~~t h o ~~ the  o~~ipLe t e r n ~~w l e C .~e -~~~

the no— .~~a S I c  p .-ne~ t. , then ne can opera~~- the al~~’r:thm re~~G I ’ ,~. n

a-ha: ~~~~~‘ ‘~~~~ .,
~~~ 

— ‘~-s:rate how th:s ~ n~ortant step can be accomplIsheo

D .~ means o~ -~ : o - ~nn ~ener.I t~~)n techn .-~ ~e.

‘r ~’ s : . n ~~. • .
~~ w~’-~~o l:xe say a f€w ~~ros 

a b c~~~ the ~ho~ ce

t h e  pa r .>‘tr- . ~~~~~~~~~~~~~ p .  n p r t n c : ’ l e , o.mn be any vector s a t t - ~f-’. :n ~

* * 
- — p ~s n o nn e . t l v e  :or — -~nc no nne t~~:~’ . The

li t te r con:t:ton ensures ~ vai~~ ct . i r t of the a~~ orithm . Howe v er , ~n ~~~~ .‘

pres ent s i t - u . a t i ’n  where the vector q i~ known only  imp l i c i t l y , the choice

of p t~~~~~s t o  he quite c r U C i a ’
~ . Th~ s wI ll become viou~ tn the

ana ly s i s  below .

~~~~~~~ The 3ounded Ca~~.- . ~ . divide our d -~scusstor. into t—~o c i s” ~

on whethe r the ~~: x i s  bounded. ~~e f - , r s t  consider the case

L _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -- ~~~~~- - —-~~~~~~~~~~~~~~~~ -— ~~~~~~ -~~~~ 
— - —
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the ~ ~~~~~~~~~~ in this case • the linear complenentari tt ’ proolem

, 2 .2) re3oces to

1 - .,T~ ~ - .e - ’ ). e  ~0

T
— - . + e ~~’ 

_ .0 •. - 0
a S

• 1~ -a l - e ~ ~.0

* + - -
- (~ 

•
~ 

—

For the parametrIc ;‘ecto r ,we choose p — e
T
, I , O ) •

Rec a~~ t ’ a t  t~~ r ob~ e~~t~~-.-e f r  the rat to test ~n Step 3 ~s to determ ine

a nev c r~~t t -i .‘ a - o,~ c: the parane ’~cr ~ .ch that vector q ~ p (whose

o ~nrnts ~ i- .e the o~~ated vaiue s of the c-:rrent v basIc vartable s ) will

r en a t n  n - n ~~e ~.lt~ ve . :~~: Ienor e ~~e index set c~ the c u r r e n t ly  basIc

4
-varjabl.s. ‘ e e~ t o e  - t a t ~~or.s si—p ie , we assu.~e t h at both and

4
are n ’r ’~as t c .  ~ - - t t - : c that and \ canr .~’t be sImultane ously baatc. )

The ba s I s matrtx

— P )~~~
p

w~- e - ’  P ~.n’es th . cola ~mis of P Indexed by ~~ . A c c or d : ng  to  ( 3 . i h ) , the

no n ’asic C oncnt 5 ar~ g i v e n  h-:

-‘ P ) T A P  ‘
~~K ~~~

-~~ I ‘K

0 -e~

— . . _~~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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~~~~~~~~~~~~~~~~~~~ T. .T.. . .

where K ~e n o t e g  the o~~p iement o~ and P~~ the col-Lnns 01 P indexed by

- ‘er - ce , ~ 
~~

‘ : ~s nonnegat~~ e it a r ~ on l :.~ i t

~P ) ( b A P q  — -

- I + e — 

~ ~
I+e

K PK
) ~ 0

1 - - ‘.~~K

A n o n ~ th e s e three o o r ~~t t t o n s  o r .L ’.- t he t~~r s t  one ~...2a) r e qu i r e s  sp e c i a l

a t t en t i o n  becau se  It  In v o l v e s t he (u n kn o wn s  m a t r i x  p — . Obv i ous ly , t t

f o l l ~~ s :r~~ (3.2a that ~ ‘r all v a lu e s of ~~~,

~~~~~~ b — A P ,~~~ .~~ ~~
A P

~.p K i —

:h- ~s i. . 2 s~ b - ~~ .is I f  and o n ly  ~

— A 
K ‘

° 
— 

~~~
‘
~( ~~: 

- 
-

cc

c ~~~~~~~~~~ 
4 _ A

~’K 2 .  - -. 
~ -~ r a~ l x c ’:

how t-- ~e parametrtc vector ~s be i ng ~se~ to  -le r t - .~e ~h i .  ast

nse~~-j e n t v t o  deter~ ine  th e  first value of -~ for w r .j ch  ‘~~.2a) is

vIo lated , ore may proc eed as f o l l c ~~s :  So lve  the  parametric linear program

~ intaiz.  l. 1 ( .~ — x~~~b ‘A P .. ’~~ ~~ 
AP~ v’,,) s u b jec t  t o  x c  X

star t Ir~ w I t h  t h e  Ia.,t :r~~t tcai -:a ue of for w h I c h  the tneq -a a lit y bei~~~ is

sat Is

(— .5) •
~.
‘
(~;~ ) ‘ 0

- -~~~~~~— - ~~—- -~~~~~~~ - -— -
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and e e r e o s t n~ t~~e p aramete r  -0nt i e tt h e r  t t  reaches  below z e r o  or a

- - and a c orresponding vector - is obtained for which the
I I

inequaittv ..5) is violated . For notationa l convenieyce , we let - be

zero if reaches zero b et or e  th e violation of the ine q u a l i ty .  Notice

t h a t  t h e  v e ct o r  F, Is an optI ma l solution to the linear program ~~~~
1 1

•- . It is important to point out t ha t  if is positive , the

ob t a i n e - ~ mus t  be in K bec ause equality in ~~~~ holds for all

va lue s ot - .

~~t t h  the -.alue -~~~ avai lable , the ratio test (3.3~ can now be imp lemented

as t o i ’. - ~-s~ ~et e rm1nc

2 
max- -q ,/p 4 : p 4 3 , ‘-

~

• i l  • e T q ~~~ e
K 

I i  C
K PK < 0

- (-l~~~e . /( -- e~~p . if -lc ~e~~p . .0?‘ )¼ ~ . ~~ ‘
a

- a otherwise

and then se t

3.
— • nax - , , -~

Thts I t na~ vsl~~e w ou~~ gIv e the ~esired new crit Ical value . The maxi-

m i : t n~ index k can be determined In an obviou s manner.
4 -

Essentially, t—e same anal y sis can be applied if either or \ Li

b a s i c .  °~me may s t i l l  imp lement the r a t i o  test ( 3 . 3 )  by solving the same

para met r i c  l inear program and by c~~ paring the ratios among the basic

c~~~p on s n t s .  A notew or thy  point  is that  the i neq ua l I ty  to be checked in

t h i s  In s t anc e would be s l t ~ htlr d Ifferent fr~~ 
(.~.5), h~~~ev er .  
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ha’.-t n-4 per torme d the first ratio test , we proceed t o show how the

second one ~L6~ can be carried out without the  explicit knc~eled ge of

t h e  who le na trix P.  Sefora doing t h i s , we point out that the column

requir ci in (3.Sa ) is easy to generate once the ma x im i z in g  index It

Is de termined .

Recall that the ratio teat in (3.6) is to determine the largest value

~~~~-J so that the vector q + p ) f remaIns nonne .ati’.-e . Here

t var iahie corresponding to the index It. o be sp ecitte

we assume tha t ~ Is equa l to the index ~ , t ntroduced earlIer. Then ,

by (3 . ’b and ~3 . 5 h  we have

~~
_

x
_
~~~ I P~~~~

T r b Ap 
~~~~~~~~~~~~~~~~~~~~~~~~~~~

I - e .,q~ 
- - C

K PK 
- :( l  e K ~

~v using a similar analysis and hv noc~ ng that the equalIty P~~Iow is

vaII ~ f o r a~.l  clue s ot , nam ely

(P .

one may easily obtain the minimum r a t i o  (3 .6 )  in the f 3 l l o wi n g  manner:

Solve the parametric linear pr ogr am

minimize L~~- : )  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ subject to x -
~ X

~ t a r t I n ~ with the value .0 f o r  vhich the ineq u a l i ty  b elow is satisfi ed

+ - ~ > 0

-

~

- —

_____ ______ ~~~~~~~~~~~~~~~~~~~ - ---- -----—---------- -
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and t n c r e a s t n ~ the parameter - u n t t i  -..8~ Is violated . :et

first such value obtained and let P2 
be the corresponding optima l

1
solutIon vect or . If -..8’~ remains satisfied for a l l  value s ~ t :, set :

Next , determine

a m4,n~ — ( 
~~~~~~~~ 

f~ .,~ 0

— ~~_ t • I  .-e~~~, i-~~~i +e~
p
K
)i/(l -,.e A f~~ t f  l •e T f~~~~O

e
K
PKJ (l4• e ..f K

•
~ 

it l + e f ~~~ O

L • otherwise

and the n s e t

1 2 3.
. 0 , ; 

-

“ e Jestre d index A can now be determined in an obvious  manner.

Again , the same analysis  can be app lied if the maximum in (-..6~
3 + -

occurs at -. , i.e., it  either \ or is beconing basic .  In this case ,

th. p a r a me t r i c  linear program .
~~~. 7 )  and the inequality (4.9~ would be

slt~~h t :v  changed but the essential idea would rema in unchanged .

~e point out  that if K is the fina l index sat of bas Ic ‘ -vari ab les

obtaIned at t e rmina t ion  of the al gorithm , then a solution to the stationary

point problem ii give n by u.P
K
’K. wh ich can be computed ea sIly.

-. . The Positive De finite Case. A cons iderabl y s implified version of the

parametric prIncipa l pivoting algorithm can b used if the set X is

bounded an~ ‘
~~~ the matrix A is positive def in i t e . The simplification stems

from the  fact  that the linear complementarity problem 4 .1) has an obvious

- - _ _ _ _ _ _ _ _
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r c f o r u l a t i o n  un.2er vhtch t h e  al~ orithm w i l l  never pertorm th~ .2 x .2 pivots .

In p a r t i c u l a r , onl  one p ar a met r t c  linear program needs to be so lvec .

I: is obvious that the linear comp lementari ty problem (.,1) is

equivalent to the f o l l o w i n g  one : f in d  X and such t h a t

t . .9a) a P
Tb + Xe + pTAp~ ~- 0 > 0 — 0

- -..9b I a e ’ and X unrestrIcted .

Cond ::ion ~~~~~ ccns::tutel a parametrtc linear conp lementaricy

probl em iw~ :h -is t he  p a r a met e r  to which the parametric princip al pIvot ing

t s  app iica~ le . Concerning this app l ication , we have the following

result vhcs.’ proof can ~e f’un-I ~n the reference cited .

Theoren . (Kaneko and Pang ( 5 ~) Suppose that the matrIx A .s positive

d e f i n t :e .  Co n s i d er  the a p p l i c a t I o n  of  the param et r ic  p r i n c i p a l  p i v o t i ng

sl . -o r t t hn to  the parametric linear comp lementarity problem (4.9a). Then

each ~I agonal  p i v o t  entr : f . ~cf. Step ‘. of the algorithm ) is pos i t ive  and

thus the 2 x 2 bloc k pivots are redundant. In particular , the algorit~~ w i l l

a lways compute a solution to the problem for all value s of X. Let ~~( \ )

denote the solution obtained as a function of ~~~•

It is important to point out that for each X , ~(X) may not be the

only solut ion tO he linear complementari ty problem (4.9a). In the rest

of this subsection , we assume that A is positive definite .

Taking into consideration the condition (4.9b), we have

Tj~eorem 2. Suppose that problem (6.9) has a solution ‘, X ) with

X a 3~ Then each solution ~ to the linear complementarity problem (4.9a )
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wt:h also sat ist tes ~...9 b ) .  in p a r t i c u l a r , so does the solution

*~~~;~~ obta ined it ’. Theorem I .

?ror . Subtrac:tn~ the cvo equations

_ * _ p Tb + ~~ e + p T
~~,_* i _ P Tb + ~~e + P TAP.~

we obtaIn

which imp l Ies

o (~~~* - ~~~~~~ - (p( * .))T ~~~~~ - 0

3y the posit Ive deflntteness of A , t t  follows that

Consequently , we have

0 — ( ‘*~~~~ ~~~* — (r~ ’~
T 
b .. ~ T_~ ~ ~p—*~~ A P *

By a s s u mp t i - n , A 0; henc e the desired conc lusion follows . Q.E.D.

Now , If  the parametric principal pivoting algori the is applied to

the parametric  lin ear comp lementaric’y problem (4.9a), then either a value X

can be found for which the corresponding solution *( ~~) sa t i s f ies  the

condItIon (6.9b) as well , or no such value exists. In the first case , a

soiutIon to the stationary ~‘~int problem is obtained . In the second case ,

— — — —~~~~---— — —~~~~ — ~
— 

— .~~~~~~~ .. —
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there are two poss ibI lit Ies : eithe r the problem (-~.9) has a solution

w ith — ~ or i t  has no Solution at all. To determine this , we may solve

the system of linear Inequalttles:

(. . 10’ p ’  — r’~I~J’) , ~~
‘ ‘ a 1 and — 0.

Theore m 3. Suppose that the above versIon of the parametric princIpal

p I . r o t t r .~ a l~ ori:hm does not compute a solutIon to the problem (..9). if

the systen . . 1.2~ ts :ncon~ isten t . th en problem ( - ~.. 9 (  and therefore the

scationart p o t n t  p r ob l e n  has no s o l u t ton . ~n the o t h e r  hand , if is any

sol utIon to ~~. . ~0), then ( ,  0) solves (-. .~~~~.

Proof. By Theorem .2 and the assi pt ion , i t  follows that any solution

(if ~: ex~~s : a )  to problem ~~~~~~~~~ mus t have A 0. Suppose that (~..Q does

~ave a so l ition . Q .  ~e show r a r*(O).  This follows from a ~~ re

~enera1 result whose proo f is easy and ‘n:tted : f and — - are two

to  the linear corplementarl t ;  problem ( --. . 9a) for the same

value of X , th en r — ? .  (Cf. the proof of the last theorem.)

Consequently . i f  the  system ~~~~~~~~~~~~~~ ts i n c o n s i s t e n t , then problem ~~..9

has no s o l u t I o n .

Conversely , let be any solut ion t. c the system ~—..10). It suffices

to show that ( ,  0) sat isfies (.e .9a). Obviously .

P
Tb + pT~~~ - pt~ ~ p

T
~~~*(o) > a

and

T (P ’b ~ P~A~~ ) — (*(O)~
T (P Tb P

T
AP *(o)) a 0

This completes the proo f of the theorem. Q . E . D .

—-—- ~ - _ _- -- ~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~ -~~~~~~~~~~ ---~~~~~~~~~~~~~~ ——---~~~~~~~~~
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In what follows , we outlin e how t h e  ideas presented above can be

a c t u a l ly  carried out t o  solve the stationary point problem in the case

where th e matrix P is known only implicitl y . Firs :, by the col~~~

genera tion technique described in the last subsection , the p-;r~ netrjc

principal pivoting algorithm app l ied to (4.9a) can in fact be implemented .

The search for the s~ jtable A can be achieved by a sinpi e in t e t ’p o l a t i o n

procedure cescrioed tn :~ ~~
. The procedure does not involve t h e  m a t r i x  P and ~s

therefore app l icable. Finally , the cons :stency of the system I .1e . 10’ can

DC determined by checkin.~ if the vector P *(0) is in the set X .  N o t i c e  t h a t

th is vector is equal to P
K
[_*()

~~K 
where K is the index set of basic

- v a ri ab l o s .  S ince  is  known , ~~~* ( )  can be obtained . N o t I ce also

tha t  a so lu t t o n  — to the S Ys t e m  (~~. I O  t a  no t  a c t u a l ly  needed to  o b t a i n

a solutIon to th e  s t a t i on a r y  poin t p r ob l e m . This is because tf the

vector ~~~~~~ 2) ~s In X , then it ~s a des~ red solutIon .

-- .3 The Cnbounded Case. We extend the discussion of Section ~ .1 to

tr eat the case where the set X i s  not  necessarily bounded.

As socIated wt:h the set x is its ‘hcmc ~ entzed” cone

y x ) . n . - ~ : CA ct  , t 0

We assume that the dual cone y~ contains an interior point which is

ava I lable explicitly .~ Such a point (~~~) will be used to define the

parame trIc vector p and is characterized by the condition:

(:,*) x+ s*t 0 for all ( ) EY 0) . In particular , it holds that

(y k\ ’p 5 * e ~
- 0 and (y *) ’ Q > 0

2 We shall discuss more about th is assum ption in the Appendix .

p

— -----~~~~~ - ———
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p — .~. ~~~~~ . , 1 , 0) ’

The reason :‘r th~. s chotce will become øbviøus in a moment. We should

po int out tha t t t  is net necessary t o  compute th e  vector p explici tly .

in fa ct , t t s  c omponents w Ill b. generated when they are  needed .

the anal’.s~ s o~ Sect icn . . 1 , we consider .i typical tter ;i t i~~n

t h e  ~a r a m e t i i c  ? r I n c I ~~.tl . :t n ~ al~ o r t t h m  app ltei to the l.near

c o l ~~~’n~ .~rt: v :‘r b ’~en t, . 2 . 2 )  w t : h  the p a r a n e : r~ c vector p chosen above . -

..‘ t  K an3 I. ~en~~:e re spec:~ veiv , th e ~nde~ se t s  ot  the  cu r r e n t ly  basic
4.

— - an~ ~ - .‘ar~ a~’ . s . h t s  :~~ne , we assum e tha t \ ts  also bas~ c . The

:ts~ s matr.x . s  t h en

— / P ) ’ .ip ‘K

0

\ e
~~ 

) -

ttt e t,a s~ c c’o t’ nen:s In accor~ a n c e w t t h  th.’ b a s t s  na:r ~~x , we

..
~
J.. w’~~~e

( . 
~~ :

_ _ 
— 

- 1

-— - - --~~~--- . -~~ —- —----- --—- —------- .-—--— --
~~~~



to ~3 .’b~ , the no~’.bastc co~~ or.ents are given by

a ~p~~~) ’y * .~~s*~~., ( PK
C) A.P

K 
( P _ ) TA P  

~
‘K

~~~
) • b Q ) T * (Q T

~P 
~~~L~~

’QL 
0

1 0 / - e~ a a I 2

~1e n c e  (q~~~~p~~1 
Is nonne~ u t : v e  t f  and on i  i t

~~~~~~~ P )~~ n s . A p q ~~~ ~~~~~ 
Z[y *4.A )p p

1
+ 

~~~~~~ ~ 
[ t  . .9 c t .2 _ s *)l e..

-..f lb )  (Q
L~~~~~~

A (P
Kc k 

Q~ q~~) _ e ( y *~~ A(P Kp ,~~
! 
~L~~L~

1

(. , t ! c)  ~ - e~ q..~ ) - e
KPK 

—

~3~vjc us ’... , .‘~~ca l i t v  n o l d s  f o r  a t ’. val~ es ~ t n  ~~~~~ 
‘l a  and (~~, 11b if K

are  r ep lac .’i ~‘: K an.t L re sp ecttv el 2.’. Consequently , ~. . Ila ) and

(-..‘‘b- hol~ I f an~ o n L y

— — 9(y *.A(P
~
p K

.Q
L
p
~~
)]: t~ ~ (t~ -s *) for all xc

There~ ore , to determine :ne ftrg : value ~f ~ f o r  wh :ch  the c o n d t t t o n  .. 11)

is v I o l a t e d , one may proceed as follows : Solve ‘he par ametric linear program

minimize i~~~-~ 
— xT~b 4A P

K~~
l
~~ ~~~~~ 

.
~
. ~(y *4.A(P p

1
+Qp~~ )J 7 subjec t to x E X

st arting with the last critical value of q for which the inequality below i s

s a t I s f I e d

~~~~~~~~~~~ 
—

L -- - 
~~~~~~~~~~~~~ =~~~~~~~~~~~~~~-~~~~~~

.-— -



and ~~~ rcus~ n~ u n t i l  e I t :~er r e d c h e s  be low ze ro  or ~ v L ~~u~ ~

ob :a~ ned :or v h i c h  t h e  Ine~~u a L ~~tv ~~~~~ ~~.2 ~s v~ ola:e~t . In the l a t t e r  case ,

ett~ter in  ~n~ex k , E K m d  a c or r e s ~) o n u I n R  opt:na l solut:on vector P. )

or an tndex E L  ~and a c o r r e s p ~in i ~~ng r ay  v e c t o r  ) ts obtained is

J C 1 1.  For c c n v e n : e nc e , we let  ~ be zero ~ t 
~~~~. 

‘ )  r ema ins  v a l i d  a t  9 — 0

Wtth t~ :e v a l u e  d e : e r m i n e~ the ratIo t es t (3.3) can now be carried out

~v c ompm r t n ~ w : t h  :ne ~ m x i m ~~~ t 3 t I O  ~~~~~~ t he bas~~c c ompo n e n t s .

a simil.t r -~na lv s i s . t t  can  be shown t h a t  the second r a t i o  t e s t

can b~, ~n:~~,-ne nte± by s.’ivin~ a pa r a m e tr : c  l~ n e a r  p r o . r J m  l t ~~e t he on e

~ an .  by chec ~~:n ~ when a e r t a ~ n L n e ~~u a l t : - . t n v c ’ . v t n~ the  Optimum

cbject:ve :m ue ar ,o the 7ar.an~eter of the program cf . .~~~~~ is violated .

The de tmil s art ’ o~tt:ted .

we p oint ~~~~~~ that tI K and L i r e  th e  t~~n a l  Inth-~ : sets of

bas ic  - ani ‘--:ar:mh les , ther. a st at~~cnarc po:n: :s ,~ t - en ov

L. —-- —
~~~~~~~~~~~

- - 
~~~~~~~~ 

-
~~~~

-- -
~~~

_
~~~— —---.- ~~~~~~~~~~~~~~~~~~~~~
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S. C~ 2~~L S  C2

this ~j-~or . .~e hi’.’e show n how th e  para.ne:rlc pr~ nc:pal ~tvoitn ~

can be uScO to  c omput e  a s’c ut i o n u r  p o i n t  of an a t :~~ne func t~~on

over a :‘olvhecirj l s e t .  The success of this approach depends very muc h

a p r o p e r  c ho I c e  of the p a r a n e c r i c  v e c t o r  wh ich  a l l o w s  the  a l g o r I t h m  to

opera te sole’.’: wt:h the b a s I c  in ~~red~~en t s . At t h i s  noner.r., there seems

t o :e  a :heorctlca ’ . drawbac ’r~, however , 2 .inelv , we have net ye: been able

set :  :~ th e  ~u e 5 t t O ~’. of C’:c 1 In~ in ::lc ~~~~ie n e nt J t ~~cn . L~flI’ p o s s i b l e

woy t o  ~t o s wo’~~~ be t o  extend the well-~ ncwn lextc o~ rip htc r u l e  see

h~ key  ~o~s ; C  here ~s the ‘~uest:cn ‘t how to  ~n c or p c r a : e  the

In :ne ‘.~~ne.1r c o mp l em e n : i r : tv  p r o b l e m  2 . 2  . fp e c i a  c a re

~s n e e d e :  becaus e th ~~ :orn . of the cons:~ant vector plays a -.~er. c rucIal

r o l e  :n the  co~~~tr. g e n e r a t I o n  t e c hn : ue .

F~ r:unm:e ’.’ , the dev Il of cv oltnc has always teen ‘and o~-.:- :il. ,

- ‘ -
~~ a :heoret :ca I c ~n ce rn  ~a ink -; . So , e’:en t h o~~t a t :~eor e t t c u l l v

1u s t t : i e ~ c c : n ~~—~’r e - ’e n t ~~-’n sch e— e , w o . l u  see— to.;: the tecont quo

pr  t’ s e :  ioo~~L d  s t i l .  dese rv e  a t ry  t o r  ~o I . t n g  - r a c t ~~c a I  a p p 1~~ca t i o n s .

- .— ~----——-- — . .----— — -----—-—
.
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-
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~e e s t a b l t s h

_________ 
Let S be a polyhedra l cone wtt h the representat ions

Cx ’ a r x : x P X for some~~~~~ :1 .

wh ere  each g e n e r a t o r  P . i s  non zer o . Then t h e  f o l l o w i n g  a re  e q u i v a l e n t

(~~) The ‘.‘~~‘~~ to :  “~~~ ~s ~~~. I n t e r t o r  p o i n t  ~f t h e  -tua l con• ~ S~

~, ii x ~~3 :.. r a l l  x E S ’ ~ o :

~.ii i) ~‘:*~~~ ~ 
.

, i- .’ ’  For each vecto r “ , there C X I S t  a vecto r ~ - 0 and a sca .lr

— 2 suc h t h a t

— p  — — :~~~

iv ) For each vecto r p .  t here exists a scalar — 0 such that

0 —  m~ n ~~~~~~~~~ ~x
x ES

F r~~ f. The equIvalence of y), i i I ~~~~, and , I~~t ) are wdil-kno . ~~~it  of

- ~v) anu (‘: ~s an ~~~edIate consequence of t h e  dua l~~t :heori of  linear

‘ro~~rar~~~n~~. ~ e now show tha t (II) is equi valent to ti ’.’ . ObvIous ly , ~, i I )

t s  equt.’alent to the fact that for all vectors p . the sys tem be low has

no sol~~t t o n

Cx~~~ 0 . - ~y*~~~ X .O and p~~ x ’~~0

3’: Motz~~ n ’
~ theorem of th e alternative , the latter tac t is in turn

- ~~~~~ ~~~~~~~~ . .~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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to that for each vec tor p. the re e x t S t  a ~ , 0 moo — 0 such

ha:

- p — C ’\ -

wh t c h  i s  pre~~tsely condition ~ I ’.- ) .  Q. E. D.

If a polyhedral c c-ne :s represented in terms of its generators ,

then a~ c:r::n~ t o  t . i i ~~ . t h e  task of  f - .n d ’.n g  an i n t e r Ior  p o r n :  of  the  dual

c-o ne can be - tc ~~~,’  .‘.iahed 5’: solv:ng a lInear program. .~n the other hand ,

ii the prIma l 0 - : ”  , s  : t v e n  t n  t e rms  o: a ~‘:~; :em ot lInear inequalt::es ,

then ~~~i’: not be easy to d e : e r m t n e  whether ‘~ach a p o t n :  exists .

:~ e re are cases where tht s is :r : v :a l .  For instanc e , tI the g iven

cone S ‘. : c~ :n t h e  n o n n e g -i t t . ’e o r t h a n t , t h en  m e  vector of ones :~

:rvtousl’.~ a desireo ~n t e r i o r  ~‘c: n t  S* Sn

I- - - -  — ---- --~~~~ - - - - — --- _~~~~~— _ — _ _~~. _ ~~~_ -- c~--_ -. _
~~~~-- 
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